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PSLQ

Let (xn) be a vector of real numbers.  An integer relation 
algorithm finds integers (an) such that 

The “PSLQ” algorithm of mathematician-sculptor 
Helaman Ferguson is the best-known integer 
relation algorithm.
PSLQ was named one of ten “algorithms of the 
century” by Computing in Science and Engineering.
High precision arithmetic software is required:  at 
least d x n digits, where d is the size (in digits) of the 
largest of the integers ak.



The BBP Algorithm for Pi

Discovered by a computer running PSLQ in 1996.
Permits one to directly calculate binary or hexadecimal 
digits beginning at the n-th position, without needing to 
compute any of the first n-1 digits.
Has led to a partial result on the long-standing question 
of whether pi is 2-normal.  [Note: alpha is 2-normal if all 
m-long binary strings appear in the binary expansion of 
alpha with limiting frequency 2-m.]
No similar formula exists for non-binary bases (proven in 
2004 by Borwein, Borwein and Galway).



History of Numerical Quadrature

1670: Newton devises Newton-Coates integration.
1740: Thomas Simpson develops Simpson's rule.
1820: Gauss develops Gaussian quadrature.
1900s: Adaptive quadrature, Romberg integration, 
Clenshaw-Curtis integration, others.
1990s: Maple and Mathematica feature built-in 
numerical quadrature facilities.
2000s: Very high-precision quadrature (1000+ digits).



Example 1 (2002)

Let

Then

Several general results have now been proven, including



Example 2 (2004)

where

is the Dirichlet series.



Example 3 (Sept 2004)

where L-7(s) is the Dirichlet series 

The above “identity” has been verified numerically to over 
2000 digits, but no proof is known.

Note that the integrand function has a nasty singularity at   
t = arctan[sqrt(7)].



Example 4 (Sept 2004)

Define

Then 

This has been verified to over 1000 digits.  Note as 
before that the interval in J23 includes a nasty singularity.



Example 5 (2003)



Quadrature and Experimental 
Mathematics

These and similar results suggest the need for a general 
purpose, high-precision quadrature tool:
Works for most “reasonable” C-infinity functions on finite 
intervals.
Must be able to handle vertical derivatives or blow-up 
singularities at endpoints.
Must be able to handle integrals on an infinite interval.
Achieves accuracy to 100s or 1000s of digits accuracy, 
yet runs in reasonable time on modern computer systems.
It would be nice do this for 2-D or 3-D integrals also.



Why Not Just Use
Mathematica or Maple?

Maple and Mathematica are able to symbolically 
evaluate each of these three integrals:

However the expressions they produce are quite 
complicated.  For example, the result produced by 
Mathematica 5.1 for I3 is over 30 lines long.



Experimental Solutions 
to the Three Problems

Using a numerical quadrature program and a PSLQ-
based online constant recognition facility, we find that

Here G is Catalan’s constant:



High-Precision 
Gaussian Quadrature

Gaussian quadrature approximates an integral as

Here xj are the roots of the Legendre polynomial Pn(x) 
and the weights wj are given by

Values of Pn(x) can be computed using the recurrence

The abscissas and weights can be pre-computed.



The Euler-Maclaurin Formula

Several “new” numerical integration schemes are based on a 
remarkable property of certain C-infinity bell-shaped functions, 
due to the  Euler-Maclaurin formula:

[Here h = (b - a)/n and xj = a + j h.  Dm f(x) means m-th derivative of f.]
Note when f(t) and all of its derivatives are zero at a and b, the 
error E(h) of a simple block-function approximation to the 
integral goes to zero more rapidly than any power of h.



Block-Function Approximation to the 
Integral of a Bell-Shaped Function



Quadrature and the 
Euler-Maclaurin Formula

Given f(x) defined on (-1,1), employ a function g(t) such 
that g(t) goes from -1 to 1 over the real line, with g’(t) going 
to zero for large |t|.  Then x = g(t) yields

[Here xj = g(hj) and wj = g’(hj).]
If g’(t) goes to zero rapidly enough for large t, then even if 
f(x) has a vertical derivative or blow-up singularity at an 
endpoint, the product  f(g(t))g’(t)  often is a nice bell-shaped 
function for which the E-M formula applies.



Three Suitable ‘g’ Functions



Original and Transformed 
Integrand Function

Original function (on [-1,1]):

Transformed function (on R):



Test Integrals

Continuous, well-behaved integrals:

Continuous functions with a vertical derivative at endpoint:

Functions with a blow-up singularity at an endpoint:



Test Integrals, Cont.

Functions on an infinite interval:

Oscillatory function on an infinite interval:



LBNL’s Arbitrary Precision 
Computation (ARPREC) Software

Written in C++ for performance and portability.
C++ and Fortran-90 translation modules that permit 
conventional C++ and Fortran-90 programs to utilize the 
package with only very minor changes.
Arbitrary precision integer, floating and complex datatypes.
Support for datatypes with differing precision levels.
Common transcendental functions (exp, sin, log, erf, etc).
Quadrature routines.
PSLQ routines.
Special routines for extra-high precision (>1000 digits).

Available at:  http://www.expmath.info



1-D Test Results (1000 Digits)



Quadratic Convergence 
in Erf Quadrature

Each successive level halves the size of h, thus doubling the 
number of abscissa-weight pairs (and function evaluations).

Tanh-sinh quadrature also exhibits quadratic convergence.



Performance of Parallel 1-D Tanh-
Sinh Program (2000-Digit Runs)



2-D Tanh-Sinh Quadrature

The 1-D tanh-sinh quadrature scheme can be generalized 
to 2-D integrals as follows:

where as before



2-D Test Problems



Performance of 2-D Parallel Tanh-
Sinh Program (120-Digit Runs)

All results were correct to over 100 digits, except for Problem 4 
(10-86) and Problem 6 (10-80) – one more level would be 
needed to achieve over 100-digit accuracy on these two.



1-D vs 2-D and 3-D

2-D is much more expensive than 1-D, because many 
more function evaluations are required at a given spacing.
For 1-D, each additional level doubles the number of 
function evaluations required; for 2-D, it is quadrupled.
1-D exhibits quadratic convergence on many problems; for  
2-D, only for functions that are well-behaved at boundary; 
otherwise about 1.4X per level.
3-D quadrature is possible, but many times more 
expensive than 2-D.



Caution: Example 1

but



Caution: Example 2

These constants agree to 42 decimal digit accuracy, but are
NOT equal:

Computing this integral is nontrivial, due to the difficulty in 
evaluating the integrand function to high precision.  See 
2004 manuscript by DHB, Jon Borwein, Vishaal Kapoor and 
Eric Weisstein for details.



Open Questions

Prove various numerical discoveries such as

Understand why and when the erf and tanh-sinh schemes 
achieve quadratic convergence on 1-D problems.  Why 2X?
Understand why 2-D tanh-sinh exhibits quadratic 
convergence on “nice” problems, but lower rates on others. 
Is there a fundamentally better way to do 1-D?  2-D?  3-D?
Better understand what classes of functions have closed-
form definite integrals.
Find a more systematic way to guess the form of terms in 
possible evaluations, as input to PSLQ.
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